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Abstract
IRA is a Fortran library that solves the shape matching problem for atomic structures, stored as sets of points
representing the atomic positions. In the case of exact- and near-congruence, IRA provides the optimal rigid
transformation between the structures, given by the atomic assignments, the rotation/reflection matrix, and
the translation vector. IRA is also able to operate on structures containing a non-equal number of atoms,
i.e. matching a structure to any of its fragments. Any application that requires the solution of a shape
matching problem could benefit from IRA.
Keywords: shape matching, structural superposition, linear assignment problem, pattern recognition,
off-lattice kinetic Monte Carlo
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Introduction
The shape matching problem is very well known in the computer vision community, where it is generally
referred to as the point-set registry problem [1, 2]. When applied to atomic structures, it is sometimes
referred to as the alignment problem [3, 4], structural superposition [5, 6], or similar. The algorithm
Iterative Rotations and Assignments (IRA) has been developed [7, 8] to solve the shape matching problem,
specifically for application in the field of materials modeling at atomic scale. The problem can be described
as finding a rigid transformation between two structures, such that the two structures match as best as
possible when overlaid one on the other.
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Our IRA algorithm accurately and efficiently resolves the shape matching problem between two generic
atomic structures, including structures with different numbers of atoms. The solution is given in the form
of a rotation matrix, a translation vector, and a permutation matrix. Performance of the algorithm in the
sense of matching success rate, and benchmarking against two other software, is reported in Refs. [7, 8].
The development repository of the code is accessible at https://github.com/mammasmias/IterativeRot
ationsAssignments.

Problem statement
In general terms, the shape matching problem can be stated as follows. Two structures A and B are
considered congruent, or equivalent, when they are related by a transformation that preserves distances,
such as rigid rotation, reflection, translation, and permutation of indistinguishable points (atoms). The
congruence relation can be written as:
PB B = RA + t
(1)
where R is a rotation/reflection matrix, t is a translation vector, and PB is permutation. The problem is
to find the transformations corresponding to R, t, and PB that best match A to B. This can be achieved
by optimizing a distance D between the two structures, which is variant on R and t, and invariant on PB :




arg min D(RA + t, B) .
R,t

(2)

The approach we have developed (see Refs. [7, 8]) returns the approximate rotation/reflection and
translation, Rapx and tapx , and the optimal permutation PB (which is strictly from Iterative Rotations
and Assignments, IRA). The optimal transformations R and t which satisfy Eq. (1) are then found as
small corrections to Rapx and tapx , by applying the standard Singular Value Decomposition (SVD) [9] to
structures A′ and B ′ (where A′ = Rapx A + tapx , and B ′ = PB B.). This correction is only required when
the structures A and B are not exactly congruent, but exhibit some small distortions.
To compute the optimal permutations, i.e. to solve the Linear Assignment Problem (LAP), we have
developed an algorithm called Constrained Shortest Distance Assignments (CShDA). The atomic assignment
from CShDA is used to compute the Hausdorff distance as distance function D in Eq. (2). By imposing the
one-to-one assignment constraint of CShDA, we exploit the non-commutativity of the Hausdorff distance
to generalize the IRA algorithm to structures containing different number of atoms. Further details can be
found in Refs. [7, 8].

Software design and functionality
The software implementing our IRA algorithm is written as a collection of Fortran routines, gathered and
compiled into a library. As such, an application calling IRA routines can be compiled by simply statically
linking the library. The input atomic structures are saved quantities with intent (in) attribute, and are
therefore never modified globally by IRA routines.
The low-level routine is the cshda routine, which computes the atomic assignments PB , and constrains
the computation of Hausdorff distance. It is called from a higher-level routine get gamma m, which implements the search on the discretized space of rotations, and returns the approximate rotation Rapx and
translation tapx . The setup and the main call to this routine are encapsulated in the driver routines
ira equal, and ira nonequal, for the cases of equal, and non-equal numbers of atoms, respectively. The
input arguments to the driver routines are the two atomic structures A and B, and their output are the
following quantities: the 3 × 3 rotation matrix Rapx , the 3-dimensional translation vector tapx , and the
permutation PB in the form of an N -dimensional array of integers.
The SVD rotation is in svdrot m routine, and returns the optimal R and t, corresponding to Eq. (1).
The difference in the cases when the structures contain equal, or different numbers of atoms, lies in
the choice of the origin point, or central atom. In the case of equal numbers of atoms, the origin point
is chosen by default as the geometrical center of each structure. This choice can be modified by selecting
2

any point common to both structures, such as any known common atom. For a custom choice, the driver
routine ira equal must be modified. In the case of a different numbers of atoms, the origin point is an
arbitrarily chosen central atom from the structure A. The search over structure B is then performed over
all candidate origin points, or central atoms. Similarly to the case of an equal number of atoms, the origin
point of structure A can be modified in the driver routine ira nonequal. As discussed in Refs. [7, 8], the
speed and accuracy of the algorithm can in this case be greatly improved by reducing the set of candidate
central atoms in structure B, which can be done by choosing the central atom of A based on some additional
criterion. This additional criterion is the subject of a pre-processing done on the structures, which can be
simply based on the chemical types (choosing an atom of the type which is least present in the structure),
or can be more involved (finding atoms whose immediate local environment is equivalent).

Impact overview
The IRA algorithm provides a reliable and efficient way of solving the shape matching problem, for
congruent, and near-congruent structures, including structures with different numbers of atoms. Any application that requires the solution of a shape matching problem could benefit from IRA as a whole, or any of
its parts.

Limitations
The implementation of the library is for now serial. As such, the matching of structures with several
hundreds of atoms could become a significant computational bottleneck.
When the structures are far from congruence, the transformation and distance that are returned from
our approach are not unambiguous. It is therefore not recommended to use IRA for defining ”absolute”
metrics between structures.

Future applications
There are a number of applications of IRA within our ideas of the future work. The most immediate
application is already being developed and implemented (see Ref. [8]), which is the application of IRA in a
general off-lattice kinetic Monte-Carlo (kMC) and in the generation of a catalogue of unique structures.
In particular, the kMC algorithm generates a stochastic but statistically correct sequence of events,
where each event has a certain probability. As such, a single step of the kMC consists of choosing a single
event among a set of possible events. When applying the kMC algorithm to a simulation of phenomena at
the atomic scale, an event represents a change in the atomic structure, and the set of possible events is given
by a catalogue of events. Each event in the catalogue is defined by two structures, the structure before, and
the structure after the event. The system of simulation is expected to contain structures that are locally
equivalent (exactly-, or near-congruent) to the structures given in the catalogue of events. However their
relative orientation, translation, and permutation of the atoms are generally unknown, but are needed for
a correct execution of a chosen event. This is the problem where our IRA shape matching algorithm comes
into action. As it has been shown to be a fully reliable algorithm in finding the correct rigid transformations
in the cases of exactly- and near-congruent structures [7, 8], it is an ideal algorithm for the described
situation within a kMC. The solution of shape matching given by IRA in this situation is used to construct
a relative transformation between the structure given by the event catalogue and the structure within the
system of simulation. This transformation makes it possible to correctly execute the event chosen by the
kMC algorithm in our system of simulation. Moreover, as IRA does not make any assumptions about the
structures, i.e. it does not assume an underlying rigid lattice, and it does not even assume an equal number
of atoms present in the two structures, the kMC simulation becomes unlimited by these assumptions, and
can be generalized to any type of structure: bulk, surface, interface, grain boundary, single defects, complex
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defects, extended and non-spherical structures, and amorphous phases.
Moreover, the catalogue of events on which kMC relies, is generated with the help of IRA. More concretely, a separate application would scan the input structures of an event, and extract the most important
and relevant atoms participating in an event. Then, IRA is used to determine whether an event with equivalent structures is already present in the catalogue, if not, then add current event into the catalogue. At the
same time, a modified version of IRA can be used to determine the possible different directions of execution
of the same event, which means finding all the unique symmetry transformations of a local structure (see
Ref. [8]). This approach reduces the number of structures needed in an event catalogue, as the different
directions of the same event are stored in a single event entry, as opposed to each direction being a separate
entry.
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